In this paper we formulate a number of teaching paradoxical problems, dealing with the energy-momentum conservation law in a bound electromagnetic field.
Introduction
The University course of physics consists of classical and quantum physics. Classical physics is often considered as a necessary stage of education, required for further study of quantum physics, a frontier part of modern knowledge. Such a viewpoint makes classical physics not so attractive and sometimes deprives the students of interest in its study. Of course, one can argue against the latter observation, but it reflects the author's own experience during the student years. Now, after many years, my aspiration is to protect students from the boring study of classical physics, and especially its core: classical electrodynamics. One of the ways of involving students in an in-depth study of classical electrodynamics is to offer some interesting paradoxical problems, whose resolution is not so simple. That is why I began to invent and collect the paradoxes of classical electrodynamics. In this contribution I would like to formulate some of them, related to the energy-momentum conservation law for a velocitydependent (bound) electromagnetic (EM) field. Namely, we shall consistently analyse four apparent paradoxes. All these can be resolved, but in order to maintain interest in the subject, we will discuss the resolution of only one of them in this paper, leaving resolution of the other paradoxes open. In order to make the analysis of these paradoxes more convenient, we start this paper with a theoretical background, where the necessary physical information on the energy-momentum conservation law is briefly reproduced from the familiar textbooks [1] [2] [3] [4] .
Theoretical background
It is known that for any isolated macroscopic system, the law of conservation of its total energy and momentum is expressed as ∂T µν ∂x ν = 0,
where T µν (µ, ν = 0, . . . , 3) is the total energy-momentum tensor. In particular, for µ = 0 equation (1) 
where the area ξ encloses volume V. Equality (3) allows the interpretation of u = T 00 as the energy density of the system, and the vector S i = cT 0i as the energy flux density. In turn, the momentum density is
/c. Then the vector
represents total momentum of the isolated system. Hence the total energy W = T 00 dV and total momentum G i constitute a 4-vector. Although this statement is well known, let us show for better clarity that equation (2) and its consequence equation (3) represent a sufficient condition for the 4-vector transformation of the integral G µ = T 0µ dV , where T 0µ are the time-like components of any symmetric tensor T µν . Following [3] , we compose a scalar ∂T µν ∂x ν dx µ = 0, and carry out the integration over some four-volume dV (4) , applying the Gauss theorem:
where dS (3) ν is the element of 3-hypersurface in 4-space orthogonal to the νth dimension: dS
3 = dx 0 dx 1 dx 2 . Now let us choose a closed 3-hypersurface as follows. We take all parts of the surface, containing dx 0 , outside the volume, wherein T µν is not zero. Then the integral over a closed hypersurface is reduced to the integral over the 3-hypersurface, which is orthogonal to x 0 . This hypersurface coincides with the spatial volume V, insofar as dS
Further, we choose dS (3) 0 in such a way that, when one of its sides is orthogonal to x 0 , another side is orthogonal to −x 0 . Then
(The minus sign takes into account that the normal to the hypersurface is directed into the volume in the first integral, and out of the volume in the second integral). Introducing a 4-vector transformation dx γ = a µ γ dx µ (where a µ γ are the coefficients of the Lorentz transformation), one gets
Thus, the integral G µ = T 0µ dV constitutes the components of the 4-vector, which we wanted to prove. Moreover, as shown in [3] , equation (2) is sufficient to prove that the time-like components T 0µ themselves also constitute a 4-vector. Macroscopic systems involve the electromagnetic and mechanical forces only, and the total energy-momentum tensor represents the sum of electromagnetic (T EM ) µν and mechanical (T M ) µν tensors:
It is essential that equation (1) is not fulfilled separately for (T EM ) µν and (T M ) µν . Namely (see, e.g., [1] )
and
where F νγ is the tensor of the EM field, and j γ is the 4-current. Then equations (2) and (3) are no longer valid for the time-like components of the electromagnetic (T EM ) 0ν or mechanical (T M ) 0ν energy-momentum tensors, and thus, these components, in general, do not constitute a 4-vector. An exception is the source-free EM field (electromagnetic radiation), for which
in the absence of charges. Then the energy density of electromagnetic radiation
and its energy flux density (Poynting vector)
are the components of a 4-vector. Here E, B are the electric and magnetic fields, correspondingly. However, for a non-radiating EM field of moving charges the energy density u and the Poynting vector S, in general, do not constitute a 4-vector, although they are determined by the same equations (9) and (10). Hence the electromagnetic energy U EM = u dV and momentum P EM = S c 2 dV for bound EM fields do not constitute a 4-vector, either. In order to find the transformation for u and S in the bound EM field, we recall that a physically meaningful electromagnetic energy-momentum tensor should be symmetrical. For any symmetric tensor A µν its time-like components are transformed as (see problem 1 after paragraph 6 of [1] )
under the relative motion of two inertial reference frames K and K at the constant velocity v along the x-axis. Substituting into equation (11) the corresponding components of the energy-momentum tensor [1] , 
we arrive at the transformations
where
is the Maxwell stress tensor (i, j = 1, . . . , 3), δ ij is the Kronecker symbol and the primed quantities belong to the rest frame. Transformations similar to (13) can also be found in [5] . We add that the transformations for the electromagnetic momentum density are determined by equations (13b)-(13d) divided by c 2 . Now let us verify transformations (13) for an isolated charged particle, moving at the constant velocity v along the x-axis. For any spatial point of the rest frame of this particle
Inserting these values into equations (13), we obtain
On the other hand, we can compute the values u, S from equations (9) and (10) applying the transformation of the EM field between two inertial reference frames, moving at the relative velocity v along the x-axis [2] :
Here the primed quantities are determined in the rest frame, and the non-primed quantities belong to a laboratory frame. Then applying transformation (16) to a single isolated charged particle, we get
Taking also into account that
we derive
which is equation (15a). Further,
In the latter equation we have applied the vector identity a
which is equation (15b). Analogously, we get from equation (19)
which coincide with corresponding equations (15c) and (15d). Further, conservation of the total momentum P t for an isolated macroscopic system signifies, in particular, that dP
since
The lhs of equation (20) represents the mechanical self-force, acting on the isolated system due to a violation of Newton's third law in EM interaction. Insofar as the momentum of the EM field and its total time derivative is the frame-dependent quantity, the force represents the frame-dependent quantity, too. The relativistic law of transformation of force has the form [6]
where v is the relative velocity of two inertial reference frames K and K , and u is the velocity of a particle in frame K, which experiences the force F. One should emphasize that equation (22) is obtained as an inference from the transformation of spacetime and energymomentum 4-vectors, and thus it is applicable to any kind of interaction. In particular, equation (22) is compatible with the Lorentz force law and with equation (20). Finally, the energy balance equation for an EM field (Poynting theorem) can be derived from equation (6) 
Integration of this equation over a spatial volume V shows that the change of EM energy in this volume is equal with the opposite sign to the energy flux through the boundary of this volume as well as to the work done to the charged particles inside this volume. We point out that the electric field E in equation (23) includes, in general, both the external and self-fields of charged particles.
Paradox 1: the electromagnetic energy flow of a moving isolated charged particle
Let a charged particle q move at constant velocity v in the frame of observation. For this particle equation (23) acquires the form ∂u ∂t
Here the subscript 's' designates the self-field of the particle. A standard renormalization procedure implies that the term E s · j should be cancelled, insofar as a velocity-dependent (bound) electric field does not exert on a source particle. Then we obtain the equality ∂u ∂t
which represents the sufficient condition that u and S are the components of a 4-vector. At the same time, an isolated charged particle, moving with a constant velocity, produces only a non-radiating electromagnetic field, where the energy density and energy flux density are transformed not as 4-vectors, but as the time-like components of a symmetric tensor (see equations (15)). In order to resolve this contradiction Poincaré suggested to take into account an additional mechanical energy, which holds together the 'parts' of a classical point-like electron ('Poincaré stresses') [7] . Then u represents the sum of electromagnetic and mechanical energy density, whereas S is composed of the electromagnetic energy flux density and the energy flux density associated with the Poincaré stresses. In this case u and S are the components of a 4-vector. Then the total energy in some volume V 1 enclosing the particle and the total energy flux across the boundary of this volume (figure 1) also represent the components of a 4-vector. A paradox emerges when the closed volume is chosen outside the charged particle (figure 1, where this volume is designated as V 2 ). Then, by definition, (ξ is the boundary area of the volume V 2 ), which leads to equation (25). However, equation (25) cannot be applied to the bound EM field when u and S are completely electromagnetic in their nature. Indeed, we have shown in section 2 that equations (25) and (26) represent the sufficient conditions for 4-vector transformation of u and S, whereas for the bound EM field they are transformed as the time-like components of a symmetric tensor (equations (15)). How to resolve this paradox?
Paradox 2: a parallel plate capacitor with free motion of its plates
In this section we deal with a parallel plate capacitor in a free space, where its plates freely move towards each other along the y-axis of a laboratory frame K due to their electric attraction (figure 2). We consider a time moment when the distance between the plates is much less than the typical size of both plates. It allows us to neglect the boundary effects. Observe that the electromagnetic momentum of this capacitor is almost equal to zero, insofar as the magnetic field in the region between the plates does not exist. The mechanical momentum of this configuration is also equal to zero, since the momentary velocities of both plates u are equal in their values and opposite in sign. Now we take into consideration an external inertial frame K ex , wherein the frame K moves at the constant velocity v along the x-axis. In this frame the total momentum of the capacitor no longer vanishes, and we want to analyse the mutual transformation of mechanical and electromagnetic momenta.
In the frame K ex the electromagnetic momentum is not zero, and the non-vanishing magnetic field
exists in the space region between the plates. (The primed quantities belong to the laboratory frame K, and we have used equation (16f )). Applying equations (16b), we find the electric field of the moving capacitor in the same space region:
The obtained equations (27) and (28) allow us to find the Poynting vector:
Hence the electromagnetic momentum is
where, ignoring boundary effects, we take V as the volume of the capacitor at the considered time moment. Since the plates of the capacitor move towards each other, the volume V changes with time as
where ξ is the area of each plate, and u is the velocity component of plates onto the y-axis in the frame K ex . Further we will use for simplicity a non-relativistic limit, where u ≈ u , and ξ ≈ ξ . Hence the electromagnetic momentum changes with time, too. Combining equations (29) and (30), we derive
within the adopted approximation. The considered system is isolated, and its total momentum should be a constant value. Hence
Equation (32) indicates that the moving plates experience the force in the positive x-direction. This conclusion can be easily verified under the application of the Lorentz force law to the moving plates. First consider the force acting on the negative (upper) plate. The x-component of this force is
where Q is the charge of the plate, B is the magnetic field of the positive charged plate and w{v, −u, 0} is the velocity of the upper plate in the frame K ex . Taking the magnetic field B as half of the total magnetic field (27), and using standard equations Q = σ ξ (σ being the surface charge density), E y = 4πσ , we obtain
One can see that the same force acts on the positive charged (lower) plate of the capacitor due to the magnetic field of the upper plate. Hence the resultant force along the x-axis is twice as large as (33), and coincides with the time derivative of mechanical momentum (32). The oppositely charged point-like particles 'p' and 'n' are placed into a hollow neutral tube with thin insulating walls. This configuration is in the inner volume of a parallel plate capacitor, which creates the electric field E along the y-axis. The particle 'n' is rigidly fixed in the tube and at rest with respect to capacitor. The particle 'p' moves at the constant velocity v along the x-axis. Here we assume the presence of an external mechanical force along the x-axis, which compensates the electrical attraction of the particles, but which is not relevant when the forces along the y-axis are computed.
A remaining problem is that the force (32) available in the frame K ex accelerates the capacitor along the x-axis, and in the non-relativistic limit this acceleration is
where M is the mass of the plate. At the same time, in the frame K the acceleration along this axis is equal to zero. Thus, attaching an indicator of the x-component of acceleration to each plate, we get its zero reading in the frame K, and non-zero reading (34) in the frame K ex . Insofar as this reading represents an absolute fact, we obviously come into a contradiction with the Einstein relativity principle (the equivalence of inertial reference frames K and K ex ). How to resolve this paradox?
Paradox 3: two oppositely charged particles bounded mechanically inside a parallel plate capacitor
Consider a problem as follows. Let there be two charged point-like particles with the charges +q and −q, respectively, being inside a hollow neutral insulating tube. The tube is placed into a parallel plate capacitor, creating a homogeneous electric field E along the y-axis. The tube has a single degree of freedom to move along the y-axis. A gravitation field is absent, so that the masses of the particles are not relevant. Initially both particles are fixed inside the tube and they rest with respect to each other and the capacitor. The resultant force acting on the tube along the y-axis is composed of the sum of qE and −qE, and equal to zero. Now we imagine that the positively charged particle (p) can move inside the tube, and it acquires a constant velocity v in the negative x-direction (figure 3). One is required to compute the force acting on the tube along the y-axis. It seems that the problem is trivial: the magnetic field is absent in the rest frame of the capacitor (K C ), and the total force acting on the moving particle 'p' is directed along the y-axis and equal to F + = qE, as in the case v = 0. Since the force acting on the particle 'n' is F − = −qE, the resultant force exerted on the tube due to charged particles is equal to zero. A paradox appears when we compute the same force in the rest frame K p of particle 'p'. Applying the force transformation (22), we obtain the force experienced by particle p in its rest frame as
Computing the force acting on the particle 'n' in this frame K p , we have to accomplish a reverse force transformation from K p to K C , taking into account that in the frame K C , F − = −qE. Then we obtain from equation (22):
Let us show that equations (35) and (36) are in full agreement with direct calculation of the Lorentz forces acting on both particles in the frame K p . Indeed, according to the field transformation (16b), the capacitor moving in the K p frame produces the electric field E y = γ E and the magnetic field B z = γ vE/c. Hence, the force acting on the particle 'p' is F + y = qE y = γ qE, which coincides with equation (35). The force acting on the moving particle 'n' is written in accordance with the Lorentz force law as
which coincides with equation (36). Therefore, the resultant force acting on the tube along the y-axis in the frame K p is determined as the sum of the forces (35) and (36):
Thus, we have derived a paradoxical result: in the frame K p the tube acquires acceleration along the y-axis due to the force (37), whereas in the rest frame of the capacitor the tube should remain at rest.
Paradox 4: annihilation of an electric dipole in the presence of a magnetic dipole
Let us consider an electromagnetic configuration as follows. A point-like magnetic dipole µ{0, 0, µ} is located at the point x, y, z = 0. At the initial time moment two opposite charges +Q and −Q are rigidly attached to each other and compose an electric dipole (figure 4). The charge +Q has the coordinates {R, 0, 0}, while the charge −Q has the coordinates {R + l, 0, 0}, and l R. Both the electric and magnetic dipoles are at rest in a laboratory, and thus there is no mutual force between them. The total momentum of this configuration is composed of its mechanical and EM momenta. At the initial time moment the mechanical momentum is equal to zero 1 , whereas the EM momentum is
where E is the electric field of the electric dipole, B is the magnetic field of the magnetic dipole, and the integration is carried out over the entire free space. One can show (see, e.g., [8] ) that for stationary electromagnetic systems the latter integral can be transformed to the form
where q i is the charge located at the point with the vector potential A i , and i is the number of charges. Then integral (38) acquires the more convenient form:
At the location of charges +Q and −Q the vector potential has only a non-vanishing ycomponent. Denoting A y = A, we rewrite the latter equation as
Equation (40) determines the total momentum at t = 0. Further, at this moment t = 0 the charges +Q and −Q are electrically connected by a conducting wire, and during a time interval τ a current I(t) flows in the wire. Then for t > τ both charges disappear, cancelling each other. One requires to determine the mechanical momentum of the configuration after annihilation of the electric dipole, assuming that τ R/c. Simultaneously we assume that the annihilation of the electric dipole is a slow enough process, and EM radiation is negligible. Then the latter inequality τ R/c means that R is very large. Hence we inevitably have to take into account a retardation effect, and distinguish the time intervals as follows: 0 < t < τ, τ < t < R/c, R/c < t<R/c + τ , t → ∞.
1. 0 < t < τ. In this time range a current I(t) flows in the wire, connecting the charges +Q and −Q. The mechanical force acting on the wire is equal to
where B(x) is the static magnetic field of the magnetic dipole along the x-axis. In the xy plane this field has only the z-component [1]
Therefore, the force (41) has only a non-vanishing y-component. Combining equations (42) and (41), we obtain
Hence the total mechanical momentum, transmitted to the wire during the time τ , is
The sum Q i A i =Q[A(R) − A(R + l)] goes to zero at t τ , but equation (39) is no longer valid for this non-stationary system. In order to determine the momentum of the EM field at this time moment, we have to evaluate the original integral
dV , which is equal to
insofar as the electric field E(t = τ ) of the electric dipole (+Q, −Q) is equal to zero inside the spatial volume 4π(cτ ) 3 /3, centred at the point R. Comparing equations (40), (43) and (44), we derive the total momentum conservation law as follows:
We see that the lhs of this equation represents the function of τ , whereas the rhs does not. Hence equation (45) cannot be implemented for an arbitrary τ , and the momentum conservation law is violated in this time region. 2. τ < t < (R/c). In this time interval the mechanical momentum (43) remains constant. In contrast, the momentum of the EM field changes with time as
Thus, in this time range we again observe a violation of the total momentum conservation law.
3. R/c < t < R/c + τ . Within this time interval the magnetic field B w produced by the current I in the wire reaches the magnetic dipole. The Lorentz force experienced by the dipole is
Note that the magnetic field B w is zero at every point on the x-axis, and in particular at the point where the dipole is, but the force is non-zero due to a non-vanishing gradient of the magnetic field. The Lorentz force (46) has a single non-vanishing component on the y-axis, and the transmitted mechanical momentum is also collinear to the y-axis:
The straightforward calculations give
Hence the total mechanical momentum (the sum of equations (47) and (43)) becomes
One sees that the mechanical momentum (48) is equal to the initial EM momentum (40). Therefore, the law of conservation of the total momentum requires EM momentum of this configuration to vanish. However, this is not the case. One can see that at t = R/c + τ the momentum P EM has a finite value
Thus, the momentum conservation law is again violated in the time range considered. 
t → ∞.
In this time range the resultant mechanical momentum is determined by equation (48) and remains fixed. The momentum of the EM field tends to zero, because the electric field of the charged +Q and −Q disappears in the entire space. Hence at the initial stationary state (t = 0) and at the final stationary state (t = ∞) the total momentum of the system is the same (compare equations (40) and (48)). However, in the time ranges 1-3 the law of conservation of the total momentum was violated. How to resolve this paradox?
We emphasize that taking into account the possible radiation of the electric dipole during its 'annihilation' does not resolve the paradox, because for a non-relativistic radiating electric dipole the average momentum carried off by EM radiation is equal to zero and does not influence the balance of momenta in the system.
Resolution of the paradox with free motion of the plates of a capacitor (paradox 2)
In this section we give an example of resolution of one of the paradoxes formulated above. Going back to problem 2 (figure 2) we introduce into our analysis an indicator of x-acceleration attached to the upper (negative) plate. We choose the simple construction of such an indicator: a soft spring, whose left end is rigidly attached to the plate, while the right free end is connected to a massive ball with mass m. The ball can slide along the plate without friction, and a gravitation field is absent. Then one sees that the tension of the spring is proportional to the acceleration of the plate along the x-axis, and we designate L as the length of the nondeformed spring in its rest frame. Hence we can reformulate the paradox as follows: in the frame K the length of the spring is equal to L (because the acceleration along the x-axis is equal to zero), whereas in the frame K ex the length of the spring L ex < L/γ due to its mechanical deformation under the accelerated motion of the plate along the x-axis. (The factor 1/γ takes into account the conventional Lorentz contraction for a moving scale). This result seemingly violates the Einstein relativity principle. Now let us show that there is no mechanical deformation of the spring for the observers in both K and K ex frames in accordance with the relativity principle. In order to substantiate this result we first take into account the relativity of simultaneity of events in the frames K and K ex , moving at constant relative velocity v along the x-axis. Then two simultaneous events on the opposite sides of the plates of the capacitor in the frame K, separated by the distance X (the length of the plate), are no longer simultaneous in the frame K ex . As a result, for an observer in the frame K ex the upper plate is turned at the angle 
Hence the inertial force acting on the ball m due to the acceleration a y of the upper plate is
Further on we take into account that the plates do accelerate along the x-axis, as explained in section 4 (equation (34)). Within the adopted approximation this acceleration induces an inertial force, acting on the ball along the axis of the spring:
Using the equalities Q = σ ξ, and E y = 4πσ , which are valid in the adopted approximation, we obtain that the sum of the forces (50) and (51) vanishes along the axis of the spring:
Thus, there is no mechanical deformation of spring in both frames K and K ex , and L = L/γ , as it should be due to the Lorentz transformation.
